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Exercise Sheet 4 (11.11.15)

Due date: 18.11.15

• To get the Übungsschein (necessary condition for the oral exam) you need to collect 60% of the total sum
of points. Each exercise sheet has 30 points. The total number of sheets is 12-14.

• Please work in fixed groups of 2 students.

• Please justify each step of your computations. Results without any explanation are not accepted. Please
write in a readable way. Unreadable handwriting will not be corrected. Feel free to write your answers either
in English or in German.

• Please turn in your homework directly to me at the beginning of the Tutorial or leave it in my letter box
(MA 701, Frau Jean Downes). No homework will be accepted after the deadline has passed.

Exercise 1 (1+1+1+1 pts)

Consider the following vector fields acting on R2:

v1 := x y
∂

∂x
+ y2

∂

∂y
, v2 := x

∂

∂x
, v3 := y

∂

∂x
.

Denote by Φt
1, Φs

2, Φw
3 , t, s, w ∈ R, the flows generated by v1, v2 and v3.

1. Are Φt
1 and Φs

2 commuting flows?

2. Are Φs
2 and Φw

3 commuting flows?

3. Are Φw
3 and Φt

1 commuting flows?

4. Is it true that Φt
1 ◦ Φs

2 ◦ Φw
3 = Φw

3 ◦ Φs
2 ◦ Φt

1?

Exercise 2 (2+1+2 pts)

Consider the discrete dynamical system defined in terms of iterations of the map Φ : R\{1/2} →
R defined by

Φ : x 7→ 3x− 2

2x− 1
.

1. Construct the n-th iteration of Φ.

2. Show that limn→∞ Φn(x) = 1, i.e., x = 1 is an attracting fixed point.

3. Is the point x = 1 asymptotically stable?

TURN OVER!



Exercise 3 (2+2 pts)

Consider the following ODE in R2: {
ẋ1 = −x31 − 2x1x

2
2,

ẋ2 = x21x2 − x32.

Consider the fixed point (0, 0).

1. Is the function
F (x1, x2) := x21 + x21x

2
2

a Lyapunov function? What can you say about the stability of (0, 0)?

2. Is the function
F (x1, x2) := x21 + x21x

2
2 + x42

a Lyapunov function? What can you say about the stability of (0, 0)?

Exercise 4 (3+2 pts)

Consider the following ODE in R3: 
ẋ1 = 3x2(x3 − 1),

ẋ2 = −x1(x3 − 1),

ẋ3 = −x33
(
x21 + 1

)
.

1. Prove that the fixed point (0, 0, 0) is stable by finding a proper (quadratic) Lyapunov
function.

2. Prove that the fixed point (0, 0, 0) cannot be asymptotically stable by restricting the dy-
namics on the invariant plane x3 = 0.

Exercise 5 (1+3+2 pts)

Consider the following second-order ODE in R:

ẍ− ε
(
1− x2

)
ẋ+ x = 0, ε ∈ R.

1. Prove that (0, 0) is a fixed point of the corresponding system of first order ODEs.

2. Fix ε < 0. Prove that (0, 0) is stable by finding a proper Lyapunov function.

3. In fact, (0, 0) is also asymptotic stable. Prove that the transformation ε 7→ −ε is equivalent
to the time reversal t 7→ −t. Using this result, what can you say about the stability of
(0, 0) if ε > 0?

TURN OVER!



Exercise 6 (6 pts)

Determine all real solutions of the differential equation

ẍ+ 2µẋ+ ω2
0x = a cos(ωt),

where ω0, ω, µ, a ∈ R>0.


